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ABSTRACT:  Typhoid fever is an infectious disease which is a global 
burden. This study deals with the formulation of a mathematical model for 
typhoid fever spread in a population. The equilibrium points of the model are 
presented and their stabilities are investigated. Threshold conditions for the 
steady states are presented. Both numerical and stability analyses of the 
model are carried out. The results of the analyses show that there exist 
steady states of the model system that are stable depending on the threshold 
conditions. The modified model is validated using numerical simulation by 
estimating values for the parameters used in the study and using them to 
solve the model system numerically with Maplesoft. The result of the 
simulation shows that the typhoid fever dies out gradually and the whole 
population becomes susceptible if the basic reproduction number is less than 
one. On the other hand, if the basic reproduction number is greater than one, 
the disease remains endemic in the population. 

 
INTRODUCTION 

Typhoid fever has continued to be a health problem in developing countries where there is poor 
sanitation, poor standard of personal hygiene and prevalence of contaminated food. It is 
endemic in many parts of the developing world, and as global travel increases, illness can and 
do occur around the world in span of a day (Lifshitz, 1996). In urban areas where sewage 
disposal is lacking or inadequate, water supplies get contaminated and thus cause the outbreaks 
of typhoid.  It is endemic in South and Central America, the Middle East, South East and Far 
East Asia, and the Indian subcontinent. The existing estimate of the global burden of typhoid 
fever is 16 million illnesses and 600,000 deaths annually (The World Health Report, 1996).   
 
It is possible to mathematically model the progress of most infectious diseases to discover the 
likely outbreak of an epidemic or to help manage them by vaccination. This work is based on 
the epidemiological modeling of infectious disease dynamics, in particular, typhoid fever using 
mathematical methods. The threshold for many epidemiological models is the basic 
reproduction number R₀ which is defined as the average number of secondary infections 
produced when one infected individual is introduced into a host population where everyone is 
susceptible (Dietz, 1975). 
 
In recent years, epidemiological modeling of infectious disease transmission has had an 
increasing influence on the theory and practice of disease management and control. Thus 
modeling approaches have become very important for decision-making about infectious disease 
intervention programs. 
 
Symptoms 
Typhoid fever is characterized by high fever, paradoxical bradycardia, and rose colored rash 
out of which the most common complaints are headache, abdominal pain and diarrhea. Patients 
suffering from typhoid fever may develop symptoms like digestive hemorrhages, acute 
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pancreatitis (Rombola and Bertuccio, 2007), intestinal perforation (Nasir et al, 2008) and bowel 
perforation (Maurya et al, 1984).  
 
Maternal fetal infection with Salmonella typhi can lead to miscarriage or fetal death, neonatal 
infection as well as diverse maternal complication (Carles et al, 2002). 

 
Cvjetanovic, et al (1978), constructed an epidemiological model for typhoid fever in a stable 
population in order to study the transmission of the infection at different levels of endemicity. It 
involved a number of parameters representing the population-such as the susceptible, infected, 
and the immune-and rates of transition between the groups.  Numerical values based on 
available evidence were assigned to the parameters, to provide a realistic simulation of stable 
endemicity. Changes were then introduced in the values of some of the parameters in order to 
study the consequences of mass vaccination and improvements in general health conditions and 
sanitation in particular on the incidence of disease.  The model was used to estimate the 
possible effect of improvements in sanitation. It was used to forecast the probable effect of 
preventive measures against typhoid fever, such as mass immunization and sanitation 
programmes, on a selected population. 

 
MODEL FORMULATION 
Model Assumptions 
The population under consideration is divided into disjoint classes which change with  time, 
t. These are the susceptible class denoted by (S), the Infective class (I) and the Removed  class 
(R). 

 
1. The population considered has a constant size N which is sufficiently large so that the 
sizes of each class can be considered as continuous variables. The model is endemic, hence it 
includes vital dynamics (births and deaths), so we assume that births and deaths occur at equal 
rates and that all newborns are susceptible. Individuals are removed by death from each class at 
a rate proportional to the class size with proportionality constant μ called the death removal rate 
(also birth rate). This corresponds to a negative exponential age structure with an average 
lifetime of  1/ 

2.  The population is homogenously mixing, that is, individuals assort and make contact at 
random and do not mix mostly in a smaller subgroup. 
 
The contact rate β is the average number of adequate contacts per infective per unit time. An 
adequate contact of an infective is an interaction which results in infection of the other 
individual if he is susceptible. Thus, the average number of susceptibles infected by an 
infective per unit time is and the average number of susceptibles infected by the infective 
class with size  per unit time is (where  and  are respectively, the susceptible 
and infectious fractions in time, ). The contact rate is fixed. 

     
3.   In the susceptible class , a susceptible becomes infected at a rate proportional to the 
product . 
 
4.   Individuals recover and are removed from the infective class at a rate proportional to the 
number of infectives with proportionality constant  , called the recovery removal rate. The latent 
period is negligible (it is defined as the period between the time of exposure and the time when 
infectiousness begins). Thus the proportion of individuals exposed (and immediately infective) at 
time  who are still infective at time to +  t  is e  t  and the average period of infectivity is 1/  
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(Hethcote, et al, 1981).   The removal rate from the infective class by both recovery and death is 
( + ) so that the death-adjusted average period of infectivity is (1 /  + ) . Thus, the average 
number of adequate contacts (with both susceptibles and others) of an infective during the 
infectious period is  = ( /  + )  , which is called the contact number.  This quantity is called 
the basic reproductive rate (Anderson and May, 1981) eventhough it is a number and not a rate. 
Since the average number of susceptibles infected by an infective during the infectious period is 

, the quantity  is called the replacement number. 
 
5.  We also assume that the infected outsider is in the host population for the entire infectious 
period and mixes with the host population in exactly the same way that a population native would 
mix. 

6. It is assumed that after recovery, an individual gains temporary immunity to infection 
(Hethcote, 1976). 

7.  A constant proportion, which we denote by u of the removed class lose their immunity to 
infection, and return to the susceptible class.  
 
Modalities for Model Formulation 

(i) Let  be the number of susceptibles at time  the number of infectives,  the 
number of removed and N the total population size, then  

 , and  are the susceptible, infectious and removed 

fractions, respectively. 
Recall that β is the contact rate. From these, we see that  is the average number  of 

contacts with infectives per unit time of one susceptible, and   is the number of 

new cases per unit time amongst the  susceptibles. This is called the standard incidence 
because it is formulated from the basic principles above (Hethcote, 1976).  

 
(ii)     The Three Threshold Quantities: ,  and  

The threshold quantities used in the model formulation are defined as follows: 
, the basic reproduction number, is the average number of secondary infections 

that occur when one infected individual is introduced into a completely susceptible host 
population. 

 (b)  the contact number, is the average number of adequate contacts of a typical 
 infective during the entire period of infectiousness. 
 (c)    the replacement number,  is the average number of adequate contacts of a typical 
 infective during the infectious period. The replacement number R changes as a function 
 of time, t, as the disease evolves after the initial invasion.  

The three quantities ,   and R are all equal at the beginning of the spread of the disease when 
the entire population (except the infective) invaded is susceptible. In recent epidemiological 
modeling literature, the basic reproduction number R₀ is often used as the threshold quantity 
which determines whether or not a disease can invade a population. For most models, the contact 
number σ remains constant as the infection spreads, so it is always equal to the basic reproduction 
number R₀. In this model, σ and R₀ can be used interchangeably. But for some models, the contact 
number σ becomes less than the basic reproduction number R₀ after the invasion, because new 
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classes of re-infected people with lower infectivity appear after the disease has entered the 
population. 

After the infection has invaded a population and everyone is no longer susceptible, R is always 
less than R₀. Also, after the invasion, the susceptible fraction is less than one, so that not all 
adequate contacts result in a new case. Thus the replacement number R is always less than the 
contact number σ after the invasion. Combining these results leads to: 

 
with equality of the three quantities at the time of invasion. and  after the 
invasion.  
 
THE MATHEMATICAL MODEL 
The Susceptible  Infective Removed Susceptible (SIRS) model is the simplest model for a disease 
for which infection does not confer immunity like typhoid fever where the susceptibles become 
infected, removed by death or recovery and then become susceptible again upon recovery. It is an 
endemic model because the disease (typhoid) persists in the population. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 1: The Compartmental diagram for the SIRS model. 
 

The system of ODEs defining the endemic SIRS model is thus:  
                                                                   (1)     

                                      (2) 

                          (3) 

subject to the initial conditions; 
` .  
Observe from Fig 1 that 
                

Since  , this means that:  

         

which implies that the total population is still constant. 
 

Steady States of the Model 
We define the steady states to be ,  and   for the susceptible, infected and recovered classes 
respectively. By equating (1) – (3) to zero, we obtain; 
                                               (4) 
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 (  )  0                                             (5) 

    0                                           (6) 
Equation (5) has two possible solutions. We shall firstly analyze the solution 0. By 

substituting this into equation (6), we obtain; 
   (  
and, since  and  are positive constants and in general, , the unique solution is  .  
Since  , we have  , and so one steady state is therefore 
          ( , , ) = ( , 0, 0).  This is the disease-free steady state. 

The remaining solution to equation (5) is  

                                                                             (7) 

By rearranging (2) we have;  

                  (8) 

Thus, by substituting equations (7) and (8) into (4), we obtain 

    )  N    

which has the solution  

  

By substituting this into (8), we obtain  

  

The other possible steady state, which is often referred to as the endemic steady state, is therefore  

   ( , , )  ( , ,  ) 

Since  and  represent numbers in a population, they are positive quantities. For the endemic 
steady state above, this requires that    . 
Additionally, the steady states cannot be infinite and so this requires that    0,     0 

Stability Analysis 
For the stability analysis, we shall reduce the system of ODE’s (1) – (3). From 

, we obtain   which by differentiation gives 

     

Consequently, the ODE for  can be removed. By substituting     
into equations (1) – (3), the reduced system of ODE’s obtained for the SIRS endemic  model is 

                                (9) 

                                                                  (10) 

The steady states become: 

      ( N  N   

and satisfy  H( , ) P( , ) 0 
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We shall now investigate the stability of the steady states. Let  and  be 
perturbations around the steady state, where  and Î are small. Then equation (9) becomes  

   (   Ŝ  

Since the steady state, , is constant,  

         

Thus,  

   (     ŜÎ 

Ŝ       Ŝ        N     ŜÎ 

Ŝ and Î are assumed to be small, and so the quadratic term  ŜÎ can be neglected. 

Additionally,    and so, the last seven terms are neglected. We obtain 

 

This is equivalent to             

where   ( ,  ,        ( , ) 

Using a similar process, it is also required that  

  

  where,    ( , )          (  

Hence,   

                                                                                   (11) 

                                                                                     (12) 

  This is a linear system of ODE’s with constant coefficients, so a solution of the form: 

   

can be assumed, where ,  and  are unknown constants.  
If  , then    as  and so the solutions are unstable. 

, then    as  . 
For stability of the solutions, it is required that , or primarily that  . 
Using the assumed solution, equations (11) and (12) become 

 
 

which, on dividing through by  and rearranging, is equivalent to 
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 =                

The non-zero solution is required which satisfies: 

 = 0                                     (13) 

Equation  (13) is also the charateristic equation of the Jacobian matrix gotten from the system (9) 
and (10). Solving (13), we get 

 
from which we get the solution for  as 

                  (14) 
For the ODE’s  (9) and (14), we have 

 =  −μ−                                                                                    (15) 

 =  −                                                                                       (16) 

 =                                                                                                    (17) 

 =   γ  μ,                                                                                     (18) 

We shall now investigate the stability of each steady state. For the disease-free steady state,   = 
0,   from (17),  = 0, and so, from (14), the solutions for  are 
 
 (i) m = Hs =  -  -  and (ii) m = Pt =  -  -  
It is required that  . The parameters are defined to be positive constants, and so the 
first solution (i) satisfies this indefinitely. For the second solution (ii), it is required that 

.  The disease-free steady state is thus stable provided that    and 
also  if   ,  i.e,   . 

We  shall now analyze the stability of the endemic steady state; 

  (  

Substituting for  into  (18), we get, 

=   –                                                        (19) 

By substituting equations (15), (16), (17) and (19) into (14), we obtain: 

 
The endemic susceptible steady state is       = , 

and so we get 

            (20) 
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The parameters are positive constants, as is , since it defines the number of individuals in the 
population. The solution with the negative square-rooted term satisfies   
indefinitely. It is therefore only necessary to further investigate the solution with the positive 
square-rooted term in (20).  
Since   ,   we have  

  2  = −  +      

  < −  +          =  −  

                = − 2(μ + ) < 0 
Thus , and consequently,  as required. The endemic steady state is therefore 
stable provided  < N, that is, . 
 
NUMERICAL ANALYSIS AND SIMULATION 

 Natural mortality rate of individuals (Birth or Death rate) ( ) 
The time unit is set at year and the constant natural mortality rate, is assumed to be inversely 
proportional to the life expectancy of birth which is taken to be approximately 67 years in the 
world. Therefore     year−1 

 Recovery removal rate ( ): 
This is assumed to be inversely proportional to the average period of infectivity (the time 
between typhoid fever infection and recovery by treatment). (Hethcote, et al, 1981). Thus  is 
taken as the inverse of the average period of infectivity. This is between 4 and 6 weeks.  
Taking the treatment to be 5 weeks, (35 days), we obtain the recovery rate for  infection to be  

                  γ =  =  = 10.4   10 individuals per year  

 Rate of Infection or contact rate ( ): 
This is set to match the expected number of infections produced per year. The global crude 
incidence rate for typhoid fever by the year 2000 was 355 per 100,000 persons per year 
(Crump, et al, 2004). 

 Hence, from the model, we assume:     

Assuming a population of  1000, we have 

             =  x 1000 

   
From this, we estimate  to be  

    =    0.35 < 1 

 Relapse rate ( ): 
This is the rate at which recovered individuals become susceptible again. We  assume that 
it is inversely proportional to the duration of relapse. The mean  duration of relapse is 
taken to be 18 days, American Public Health  Association (1965).  

              Hence,   =   =    20 persons per year. 
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Dividing equations (2.32) – (2.34) through by , we obtain the model in terms of the 
proportions of each class. That is, 

 =  

 =                             (21) 

 =   

 with initial conditions as:  
The non-linear system of ordinary differential equations could not be solved analytically, hence it 
was solved numerically. 
 
Using the computer program Maple, two plots were produced for different values of  the contact 
rate β , i.e for  and  by applying the Runge-Kutta-Fehlberg 4-5th order 
approximation method to solve equation (21). The maple commands are displayed below. 
 

Maple Code 
A.1       Numerical Plot of the Typhoid Fever Model for  
Define a solution to the ODE’s in equation (21) for the parameter values 

, subject to the initial conditions: 

   
 
>  sol1 := dsolve([diff(r(t),t) = 10*z(t)-1341/67*r(t), diff(s(t),t) = 1/67-3.55*z(t)*s(t)+20*r(t)-
1/67*s(t), diff(z(t),t) = 3.55*z(t)*s(t)-671/67*z(t), r(0) = .1, s(0) = .85, z(0) = .5e-1], numeric); 
 
 Plot the solution for  in Maple:  
>  plots[odeplot](sol1, [[t, r(t), color = , thickness = 3], [t, s(t), color = , thickness = 3], [t, 
z(t), color = x, thickness = 3]], 0..50, numpoints = 3, title = "Figure 2: Numerical plot of 
equation (3.21) corresponding to the disease-free steady state where Ro<1", view = [0 .. 50, 0 
.. 1], labels = ["Time", "Proportion"]);  
 
A.2       Numerical Plot of the Typhoid Fever Model for  
Define a solution to the ODE’s in equation (3.10) for the parameter values: 
           ,           ,          ,        =20 , 

subject to the initial conditions:  
>  sol1 := dsolve([diff(r(t),t) = 10*z(t)-1341/67*r(t), diff(s(t),t) = 1/67-35.5*z(t)*s(t)+20*r(t)-
1/67*s(t), diff(z(t),t) = 35.5*z(t)*s(t)-671/67*z(t), r(0) = .1, s(0) = .85, z(0) = .5e-1], numeric); 
 
Plot the solution for in Maple: 
>  plots [odeplot](sol1, [[t, r(t), color = , thickness = 3], [t, s(t), color = , thickness = 3], [t, 
z(t), color = x, thickness = 3]], 0..50, numpoints = 3, title = "Figure 3: Numerical plot of 
equation (21) corresponding to the endemic steady state where Ro>1", view = [0 .. 50, 0 .. 1], 
labels = ["Time", "Proportion"]);  
The susceptible proportion , is plotted as (), the infective , is plotted as (x) while the 
recovered  is plotted in ( ). The plots show the changes in the proportions of each class over 
a period of 50 years.  
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Fig. 2: Numerical plot of equation 21 corresponding to the disease free steady state (Ro < 1) 
  

Control Strategies:     The basic control strategies for typhoid fever are: 
(i)    Treatment with drugs 
(ii)   Environmental sanitation 
(iii)  Vaccination  

 
DISCUSSION OF RESULTS 

The SIRS model is a realistic model for typhoid fever because eventhough typhoid is a disease 
with no permanent immunity, infected individuals can either die or recover only to become 
susceptible again. The model has two steady states: the disease-free, and endemic steady states. 
Numerical analysis and simulation were carried out in order to validate the model. The model 
was solved numerically using Maple and the results were two plots showing the changes in the 
proportions of each class over time. It was found that over a period of approximately 50 years, 
with , implying that  , the whole population becomes susceptible as 
time increases (Fig. 2). Also, the infective and removed classes of the population die out.  
Therefore, if the basic reproduction number is less than one, typhoid will be at the disease-free 
equilibrium as time increases because if there are no infectives, then adequate contacts cannot 
occur, and thus an epidemic will not be possible (Fig. 3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3: Numerical plot corresponding to the endermic steady state (Ro > 1) 
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On the other hand, if , that is, the contact rate is increased causing the basic 
reproduction number to be greater than one , typhoid will remain endemic 
(persist) in the population (Fig. 3). 

 
CONCLUSION 

From this study, the incidence of typhoid fever can be reduced by implementing control 
strategies such as treatment with drugs, improvement in personal hygiene, environmental 
sanitation and vaccination, which will reduce the basic reproduction ratio/number. If the basic 
reproduction number is made less than one, the disease will eventually be eliminated with 
respect to time and the whole population will become susceptible again to typhoid fever since it 
has no permanent immunity. 
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