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ABSTRACT:  In this paper, we have employed a mathematical tool of 

Nikiforov-Uvarov method to study the Schrӧdinger equation with mixed 

power-law potentials. The result gives explicitly the energy eigenvalues and 

corresponding wave function expressed in terms of the Laquerre 

polynomials. As special cases, the mixed power-law potential reduces to 

those of Mie type, Kratzer, Kratzer-Fues, Coulomb and Harmonic potentials. 

The expectation values of  and for generalized type I mixed 

power  law potential and  and  for generalized type II mixed power 

law potential have also been evaluated using the Hellmann Feynman 

Theorem. 
 

INTRODUCTION 
The exact bound state solutions of the Schrödinger Equation (SE) with some physical potential 

play a significant role in quantum mechanics.  Recently, the exact solutions of SE have 

attracted a lot of interest. In the non-relativistic quantum mechanics, some physical potentials 

have been successful for the description of hadrons as bound states of quarks (Lucha et al,1991 

and Lim, 2005a) when the Hamiltonian is interpreted as an effective Hamiltonian with the 

coefficient normalized by the relativistic correction.  The relationships between the 

phenomenological potentials and Quantum Chromo-Dynamics (QCD) potentials have attracted 

a major interest (Bowler, 1999).  The relationships between these potentials help in the 
theoretical modeling of inter-quark potential since it depends on the choice of the potentials 

(Lim,2004 and Lim, 2005b).  In this paper, we take interest in the bound state solution of the 

non-relativistic Schrödinger equation arising from the relationship between these two 

potentials. 

The mixed-power law potential is defined as (Eichton et al, 1980 and Martin,1988) 

        (1) 

where A, B, c, a, b are constants.  Relationship between these potentials have recently 

developed for relating molecular fields which is of high interest in chemical physics 

(Lim,2005c and Lim,2005d) and for interatomic potentials which is also useful in condensed 

matter physics(Lim,2005f and Lim,2005f). 

In order to find the relationship among the mixed – power-law potential of Eq. (1), we write 

(Lim, 2005a) 

        (2) 

and        (3) 

The relationship between (2) and (3) are defined as  

       (4) 

Substituting Eqs. (2) and (3) into Eq. (4) and solving the resulting equation yields the following 

relations (Lim,2005a). 
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    (5) 

    (6) 

     

     (7) 

However, the complete solution of these two potentials  and  are related to . 

By substituting Eqs. (5 – 7) into Eq. (2) and comparing it with Eq. (1), we obtain the following 

parameters: 

         (8) 

         (9) 

           (10) 

           (11) 

           (12) 

where 

         (13) 

         (14) 

         (15) 

         (16) 

      (17) 

      (18) 
 
Generally, we define the mixed-powerlaw potential of Eq. (1) as  

     (19) 

We will attempt to solve the bound state solution of the Schrödinger equation with the mixed-

power-law potential of Eq. (19) for two cases: (i) the generalized type-I mixed-power-law 

potential corresponding to ,   (ii) the generalized type-II mixed-power-law 

potential corresponding to , , using the Nikiforov-uvarov method (Nikiforov and 

Uvarov,1988). 
 
Concept of the NU method  
The NU method (Nikiforov and Uvarov, 1988) is based on the solution of a generalized second 

order linear differential equation with special orthogonal functions (Nikiforov and Uvarov,1988 

and Ikot and Akpabio,2010).  The Schrödinger equation 

 ,        (20) 

can be solved by this method.  This can be done by transforming this equation into a 

generalized equation of hypergeometic type with an appropriate co-ordinate 

transformation to give: 

,       (21) 
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Where   and  are polynomials of at most second order and  is a first order 

polynomial.  In order to find the exact solutions to Eq. (21), we set the wave function as  

,          (22) 

and on substituting Eq. (22) into Eq. (21), reduces Eq. (21) into hyper-geometric type, 

       (23) 

where the wave function  is defined as logarithmic derivative (Nikiforov and 

Uvarov,1988) 

     .                                                      (24) 

where  is a first- order polynomial function. 

The   in equation (23) satisfies the following second order differential equation  

 

The other part of the wave function  is the hypergeometirc-type function whose 

polynomial solution are given by the Rodriques relation, 

,        (26) 

, is a normalization constant and the weight function  must satisfy the condition, 

        (27) 

With         (27b) 

For the weight function  to be satisfied, it is necessary that the classical orthogonal 

polynomials  be equal to zero at some point of an interval (a, b) and the derivative of this 

interval at  will be negative, that is  

    .          (28) 

Therefore, the function  and the parameter λ required for the NU method are defined as 

follows 

,          (29) 

(30) 

In principle, since  has to be a polynomial of degree at most one, the expression under the 

square root sign in Eq.(29) must be square of a polynomial of first degree, which is possible if 

and only if its discriminant is zero. Thus, the equation for k obtained from the solution of Eq. 

(29) can be further substituted in Eq.(30).  On comparing Eq. (25) and Eq. (30), we obtain the 

energy eigenvalues equation.  
 
Eigenvalue and Eigenfunction of generalized type – I mixedpower-law potential 
The generalized type-I mixed power-law potentials are defined from the mixed-power-law 

potentials as  

     
  (31) 

for  and . The radial part of the Schrödinger equation for this potential is (Ikot 

and Akpabio,2010) 
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    (32) 

where  is the internuclear separation,  is the reduced mass,  is the principal quantum 

number,  is the energy eigenvalues and  is the Plancks constant.  Substituting Eq. (31) 

into Eq. (32), we get 

   

     (33) 

The Schrödinger equation simplifies to  

    (34) 

where the following dimensionless quantities have been employed: 

        (35) 

        (36) 

       (37) 

Now comparing Eq. (21) with Eq. (34), we obtain the following polynomials. 

  ,   

        (38) 

Substituting Eq. (38) into Eq. (29), we find the  function as  

    (39) 

For the polynomial of  which has a negative derivative, we select, 

        (40) 

        (41) 

And         (42) 

With these selectionand , we write 

 ,       (43) 

Another definition of  

we have  .        (44) 

 Comparing Eq. (43) and Eq. (44), we obtain the exact energy eigen-values of radial part of 

Schrödinger equation with generalized type-I mixed power-law potentials as  

    (45) 

Having obtained the energy values of the radial Schrödinger equation with generalized type-I 

mixed power-law potential, let us now consider the corresponding wave function.  Using the 

values of  and , we obtain 
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  ,       (46) 

where . The weight function is also calculated from Eq.( 27 ) as  

  .       (47) 

Now using the Rodrique relation and Eqs (46 – 47), we obtain the radial wave function of the 

Schrödinger equation with generalized type-I mixed power-law potentials as  

 ,      (48) 

where  is the normalization constant and  is the associated Laquerre 

polynomials. 
 
Solution of SE for generalized type -II mixed power-law potential  
The generalized type-II mixed power-law potential is obtained from the mixed-power-law 

potential by setting  reads 

 ,    (49) 

The SE for a particle with  can be reduced in the radial part as  

  

        (50) 

Setting  in Eq. (50), we get  

    (51) 

With  ,  

       (52) 

Similarly, the following polynomials are obtained from Eq. (51): 

, , ,     (53) 

and using Eq. (29), we find the  as  

    (54) 

Hence making the following choice for the polynomial  as 

 ,      (55) 

gives the function 

       (56) 

With this selection, and , we have 
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 ,       (57) 

Another definition of , yields  

          (58) 

and solving (57) and (58) yields the energy spectrum of the Schrödinger equation with the 

generalized type-II mixed power-law potential as  

 (59) 

Let us now find the corresponding wave function; we first determine the weight function from 

Eq. (27) as ,        (60) 

where  and .  Substituting Eq. (60) into the Rodrique relation, we 

obtain the wave function in terms of Jacobi polynomials as  

         (61) 

The other wave function is obtain as  

        (62) 

Finally, the radial part of the wave function is got as 

     (63) 

where  is the normalization constant. 

 

Calculation of Expectation values of  and the Virial theorem for generalized 
type-I mixed power law potential 

Some useful expectation values  and the Virial theorem for the mixed power law 

potential typed-I in an arbitrary numbers of  can be obtained by applying the 

Hellmann-Feynman theorem (HFT). Assuming that the Hamiltonian  for a particular 

quantum mechanical system is a function of some parameter  and letting  to 

be the eigenvalues and eigenfunction of the Hamiltonian  respectively. The HFT theorem 

then states that, 

                          .                                    (64) 

The effective Hamiltonian for this potential is  

      (65) 

To find , we let  in Eq. (64), then the expectation values for  is  

(66) 

The expectation value for , we let  

    (67) 
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Now, if  we let  and using the HFT, we obtain the Virial theorem as 

      (68) 
Where  

 

(69) 

 

Where  

Since  

Then the Virialtheorem is obtained as  

       (70) 
 

Calculation of Expectation values of  and the Virial theorem for generalized 

type-II  mixed power law potential 
Hamiltonian of this potential is defined as 

                (71) 

To find , we let  

      (72) 

We can now find for , so we let  

            (73) 

Now the Virial theorem, can be evaluated by setting Thus, we have 

 ,     (74)

  

but   (75) 

 

 

Using Eqs (74) and (75), we obtain 

      (76)

     

Where   

 (77) 

Since , thus the Virial theorem is obtained as 
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                               (78) 
 

RESULTS AND DISCUSSION 

Generalized Type-I 

The mixed power-law potential of type-I of Eq. (31) for , and  is a generalization 

of four well-known potentials comprises of  (i) Mie-type  potential (ii) Kratzer potential (iii) 

Kratzer-Fues potential and (iv) the Coulomb potentials.  If we make appropriate choice of 

parameters in equation (19), we can obtain these four known potentials. 
 
Mie-type potential  

Setting , ,  ,we obtain the Mie-potential as  

        (79) 

The corresponding energy equation and wave function for Eq. (79) are obtained from Eq. (45) 

and Eq. (48) as  

     (80) 

        (81) 

where 

 ,      (82) 

  ,   (83) 
 
Kratzer Potential 
The Kratzer potential can also be obtained from the generalized mixed power-law potential of 

type-I.  If , ,  and , we obtain the 

Kratzer potential as (Ikhdair and Sever, 2008) 

 ,       (84) 

where  is the interaction energy between two atoms in a molecular system at a distance .  

The energy eigenvalues of Kratzer potential is obtained from Eq. (45) as  

      (85) 

and the radial wave function of Eq. (48) reduces to those of Kratzer potential when  

and  and .   
 
Kratzer-Fues Potential  
The Kratzer-Fue potential is obtain from the generalized mixed power-law potential of type-I 

by setting , , ,  

  ,       (86) 
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where is the interaction energy between two atoms in a molecular systems.The energy 

eigenvalues obtained in Eq. (45) can be shown to be in agreement with those of the Kratzer-Fue 
potential by setting the following parameters as  

      (87) 

and its radial wave function reduces to Kratzer-Fues when  , , , 

 
 

Coulomb Potential 

For , , the generalized mixed power-law 

potential  of type-I,reduces to the standard Coulomb potential. 

   ,        (88) 

The corresponding energy eigen values is  

       (89) 

and substituting these parameters into Eq.(48) gives the required  radial wave function .   
 
Generalized Type-II  

The generalized mixed power-law of type-II of Eq. (19) for the case  is also a 

generalization ofa well-known potential: Harmonic potential .  By suitable adjustment of the 
parameters in the type- II generalized mixed power-law potential of Eq. (19),we can obtain the 

harmonic  potential .  

Harmonic Oscillator 
The harmonic potential is obtain from this generalized type-II power-law potential by setting 

,  and  

  ,       (90) 

The energy eigen values are obtained from Eq. (59) as  

      (91) 

 The corresponding radial wave function is also obtained as  

  

 ,             
 

CONCLUSION 
The Hadronic mixed power-law potential has been studied under non relativistic Schroedinger 

equation in the framework of NikiforovUvarov method with appropriate parameters. This 

potential is of two types namely: the generalized type-I mixed power-law potential and 

generalized type-II mixed power-law potential as shown in equations (31) and (49) 

respectatively. The limiting cases of these potentials reduce to some well known potentials such 
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as Mie-type , Kratzer , KratzerFues , Coulomb  and Harmonic potentials. These potentials have 

some applications in Atomic and Molecular Physics. We have also evaluated expectation 

values for the two systems using the Virial Theorem. The energy eigenvalues and the wave 

functions of these potentials, expressed in Laguerre Polynomials, have been obtained 

accordingly. 
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